Introduction
Gaseous flows in micro-scale geometries are an increasingly important area of research for the design of micro-electro-mechanical system (MEMS) technologies such as micro-pumps, micro-turbines and micro-fuel cells. Gas flows at the micro-scale behave differently than predicted by macroscopic theory, mainly due to the combination of high gas rarefaction and the greatly increased importance of gas-surface interactions. The micro-metre length scales involved can make the continuum fluid assumption invalid altogether, and non-equilibrium effects, such as velocity slip, temperature jump and thermal transpiration, may have to be accounted for [1] . The degree of gas rarefaction is normally defined through the Knudsen number,
where λ is the mean free path of the gas molecules or atoms and L is a characteristic length scale of the flow system.
The continuum fluid assumption is normally valid for Kn ≤ 10 −3 , but can be extended as far as Kn ≤ 10 −1 with the introduction of velocity slip and temperature jump boundary conditions. Once Kn ≥ 10 −1 , it is necessary to solve the Boltzmann equation to account for rarefaction effects properly.
However, this proves difficult if Kn < 10 as inter-molecular collisions are still important and the Boltzmann collision integral term is very expensive to solve. A gas flow can be considered collisionless when Kn > 10 (the freemolecular regime) and so the Boltzmann equation can be solved for these kinds of flows.
MEMS devices involving gas flows tend to operate in the slip (10 −3 ≤ Kn ≤ 10 −1 ) and transition regimes (10 −1 ≤ Kn ≤ 10), even at relatively high pressures (i.e. around atmospheric). It is the transition Knudsen number regime that presents the greatest difficulty to model numerically: the mean free path is significant compared to the characteristic length scale, and molecular collisions remain important.
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A variety of non-intuitive physics in high Knudsen number flows has been observed experimentally and can be predicted both analytically and numerically. For example, non-linear pressure gradients have been observed in micro-channel flows [2], along with relatively large velocity slip and temperature jump values. The movement of radiometer vanes when exposed to sunlight is caused by rarefied gas flow effects, i.e. uneven gas heating over a region bounded by around one mean free path length from the edges of the vanes, with gas "creeping" from a colder region towards a hotter region [3] .
Non-equilibrium Knudsen layer effects are also important [4] .
The direct simulation Monte Carlo (DSMC) method [5] , based on the kinetic theory of dilute gases, has emerged as the dominant numerical technique for solving gas flows in the transition regime. There is plentiful DSMC data available for straight micro-channels [6] [7] [8] [9] [10] [11] ; contrastingly, there is a real absence of any data for micro-channels with bends. Micro-channels in practical applications tend to have a large number of bends, so there is a clear need for DSMC data on what effect bends can have on a micro-channel flow in the slip and transition Knudsen number regimes. A comprehensive review of gas flows in micro-channels can be found in Ref. [12] .
In this paper we carry out DSMC simulations of micro-channels with bends. In §2 we describe the DSMC algorithm and pressure boundary conditions to be applied to the micro-channels. In §3 we benchmark the boundary conditions against simple cases in the literature. In §4 and §4.2 we apply the newly implemented boundary conditions to micro-channels with bends.
Numerical Technique

Direct simulation Monte Carlo
Originally developed to solve rarefied gas flows in low density, hypersonic problems, the DSMC method has more recently been applied to MEMS applications. The basic premise of the method is that a single DSMC simulator particle can represent any number of real atoms or molecules -vastly reducing the computational expense required to run a simulation -and that particle movements and collisions can be decoupled. The time step size must be smaller than the mean collision time (the average time between successive collisions of a particle) to allow for successful decoupling of the movement and collision steps. The particles are moved ballistically in the computational domain according to their individual velocity vectors and the time step size.
Interactions with any boundaries (e.g. introduction of new particles, collisions with surfaces, passing from one processor to another) are dealt with during the movement step. Inter-particle collisions, and the associated exchange of energy between different modes, are considered stochastically after all particles have been moved. Finally, the microscopic particle properties are sampled and used to recover the relevant macroscopic data. A detailed description of the DSMC algorithm can be found in [5] .
Micro-channel gas flows are often characterised as being low speed and operating around atmospheric pressure. This can present problems when trying to recover macroscopic fields such as temperature and velocity from DSMC simulations. The thermal velocities of the particles are likely to be at least an order of magnitude larger than the macroscopic velocity and this makes it statistically difficult to recover the macroscopic velocity. A large sample size is required to reduce the statistical error in the measurement of macroscopic fields to an acceptable level. Simulations involving very low velocities (Ma < 0.01) are often impractical as the required sample sizes would simply be too large [13] . This problem of statistical scatter restricts particle methods such as DSMC to the study of shorter micro-channels operating at much higher velocities than experimental micro-channels.
The DSMC code used in the present work has been implemented in Open-
FOAM, an open-source C++ tool box for computational fluid dynamics 6 which is free to download from [14] . This solver, which we called dsmcFoam, has been rigorously validated for a variety of benchmark cases [15, 16] , mostly concerning hypersonic flows. In the current work, a set of sub-sonic, implicit pressure boundary conditions has been implemented (as described in §2.2) within dsmcFoam.
Pressure Boundary Conditions
Gas flows in MEMS are characteristically low speed and driven by a pressure gradient. Unlike more traditional hypersonic DSMC simulations, it is likely that particles will have thermal velocities orders of magnitude larger than the stream velocity. This stochastic motion makes it likely that particles do not flow uninterrupted in the streaming direction, but instead may, for example, exit at the inlet or enter at the outlet. The velocity profiles at the inlet and outlet are not known due to current experimental limitations at the micro-scale. Pressure and temperature are usually the only known thermo-mechanical properties at the boundaries.
Piekos & Breuer [17] proposed pressure boundary conditions for low speed flows in micro-channels, intended to be applied far from the high and low pres- Wu et al. [18] developed low speed boundary conditions using particle flux conservation at both inlet and outlet boundaries, and applied them to geometries that were not simply straight micro-channels. For example, they simulated argon gas flow in a pressure-driven T-junction geometry with a single inflow boundary and two exit boundaries [19] .
Liou & Fang [7, 8, 20] were presented. Wang & Li [21] further improved the convergence behaviour of these boundary conditions by applying the theory of characteristics at the inlet in addition to the outlet. They also presented results for flow in a micro-channel with a single ninety-degree bend, but there was no detailed study of micro-channels with bends.
More recently, Ye et al. [10, 11, 22] proposed boundaries similar to those of Nance et al. [6] and Wang & Li [21] , but they used different correction factors at the inlets and outlets in order to improve the heat transfer results in micro-channels whose surface temperature is substantially different from the gas inflow temperature.
The general starting point for the treatment of these boundary conditions is to impose a particle flux at an inlet or outlet boundary. The rate of particle insertion,Ṅ, can be computed from the equilibrium Maxwell-Boltzmann
and θ is the angle to the surface normal, A is the boundary area, V is the local stream velocity, V mp is the local most probable thermal velocity, and n is the number density at the boundary, T is the macroscopic temperature at the boundary, m is the molecular mass and k is the Boltzmann constant. It is not always certain that the velocity distribution function will be Maxwellian at the inlet or outlet of a micro-channel, but it is also not easy to define what form the actual distribution function will have. For this reason, these boundary conditions assume a Maxwellian form. The streaming velocity profile at the inlet is generally not known, so we must rely on boundary values of temperature, density and pressure to derive the corresponding local velocity required for Equation (2). The boundary conditions used in the present work are those proposed by Wang & Li [21] .
Benchmarking
Micro-Poiseuille Flow
This benchmark case is the micro-channel Poiseuille flow of nitrogen gas.
The geometry is a channel of height 0.4 µm, and 2 µm length, meshed with 100 × 60 computational cells. The surface and inlet gas temperatures are set to 300 K. The outlet pressure is atmospheric, and the inlet to outlet pressure ratio is 2.5. The Knudsen number at the inlet is 0.055 and 0.123 at the exit.
The simulation contained around 180,000 DSMC simulator particles and was solved in parallel on 2 processors. A total of 425,000 samples required a run time of 19 hours. al. [9] . A first order analytical slip solution is also provided for reference.
Good agreement between the DSMC data and seemingly good agreement with the continuum solution, can be seen in Figure 1 (a). The relative deviation from a conventional linear pressure drop along the channel centre-line is shown in Figure 1 (b). Good agreement is found with the results published in [9] .
Micro-Manifold Flow
The flow of argon gas through a T-junction micro manifold, which was investigated first by Wu & Tseng [19] , is studied here. A diagram of the geometry is shown in Figure 2 , where the height h is 1 µm, H is 3 µm, and the length L is 7 µm. In this case the geometry has two outlet channels and one inlet channel that require separate treatment of pressure boundary conditions. Three different pressure configurations are tested, as detailed in 
Micro-Channels with Bends
Previous Numerical Work
There has been very little numerical work concerning micro-channels with bends in the slip and transition regimes, despite this being a very important area in the design of MEMS. The only work which has explicitly dealt with this kind of problem using DSMC is that of Wang & Li [21] . One of their ninety-degree bend micro-channel cases is repeated here, and some improvements proposed on how to mesh these types of geometries in order to capture some surprising and significant flow features.
The geometry is shown in Figure 5 , where L is 5 µm and H is 1 µm. The working gas is nitrogen and the wall and inlet gas temperatures are all equal at 300 K. In Ref. [21] it is stated that 100 × 100 rectangular computational cells were used to mesh the geometry. A different mesh is used in the current work: 200 × 60 rectangular cells in each arm of the channel, with 60 × 60 square cells in the corner region. This has been done to achieve a higher resolution of macroscopic properties in the corner region. The outlet pressure is 100 kPa and the inlet to outlet pressure ratio is 3. This gives Knudsen numbers ranging from 0.018 to 0.055 along the length of the micro-channel.
The dsmcFoam simulation contained 1.6 million DSMC particles at steady state, and over 1 million samples were employed to be consistent with the work in Ref. [21] .
A comparison of mass density contours with velocity streamlines is shown in Figure 6 . The values of the contours are not given in [21] , so it has not been possible to use the exact same values for the dsmcFoam results. In general, good qualitative agreement can be found between the two cases. It is stated by Wang & Li [21] that no flow separation was found at the corner, however dsmcFoam has captured a region of separated flow -a close up view of this separation can be seen in Figure 7 . Some experimental work in micro-channels with bends found evidence that there may be separation zones in the corner regions [23, 24] . Considerable evidence of flow separation has been found in related geometries operating at similar Reynolds and Knudsen numbers, such as constriction micro-channels [25] and backwards facing steps [26] . The mechanism for this flow separation is not well understood. Interestingly, the flow from our DSMC results does not exhibit the features of Stokes flow (i.e. no separation even at sharp corners) that would be expected at the low Reynolds numbers under consideration.
It is probable that the cell size used in [21] is simply too large to capture the relatively small macroscopic gradients of the separation zone. Although it is possible to use elongated cell sizes in the streamwise direction of microchannel flows [6] , care must be taken when a bend is introduced to ensure that cell sizes are small enough to capture the larger gradients present in any separation zones near the corners.
The micro-channel considered here remains entirely in the slip flow Knudsen number regime. There is no DSMC data for this kind of geometry in the transition regime, but there is some lattice Boltzmann data [27] that extends into the transition regime, achieving a maximum Knudsen number of 0.286.
The geometry considered there is a micro-channel with a single ninety-degree bend and a larger aspect ratio than that of [21] . Flow separation at the corners was seen in the lattice Boltzmann results, and the size of the separation regions decreased with increasing Knudsen number.
DSMC Investigation of Micro-Channels with Bends
We focus on providing DSMC data in the late slip and early transition Knudsen number regimes. Micro-channel geometries with both one and two ninety-degree bends are considered and compared to results from a straight channel, as shown in Figure 8 : were calculated during post-processing at the exit centre-line: Kn out was calculated using the local temperature and density with the VHS mean free path, and Re out and Ma out calculated using the following formulations:
and
where γ is the ratio of specific heats and µ is the local gas viscosity. Figure 8 is a diagram of the three geometries considered here, where L is 15 µm and H is 1 µm. It should be noted that all of the current cases are two-dimensional, effectively representing a cross-section of a wide micro-channel.
The normalised centre-line pressure distributions calculated in each of the six cases are shown in Figure 9 . In Figure 9 (a), the profiles in the straight micro-channel geometries are presented. As expected, non-linear pressure profiles have been found, and the degree of non-linearity decreases with increasing Knudsen number as rarefaction effects (Kn) begin to dominate the compressibility effects (Ma). Figure 9 (c) shows very similar behaviour for a micro-channel with two ninety-degree bends, instead with the pressure having two peaks. This analysis is further verified by the Mach number plots shown in Figure 10 ;
local Mach number decreases significantly at bend locations.
To illustrate how closely the pressure and Mach number profiles match outside of the bend regions, Figure 11 compares the profiles of pressure and Mach number for the different geometries when the inlet Knudsen number is 0.011. Away from the the bends, the pressure profiles all match well and the degree of non-linearity is maintained. This is in contrast to constriction micro-channel flows where the pressure profile is entirely different from that of the equivalent straight micro-channel [25] . The Mach number profiles in Figure 11 (b) show a similar pattern, with all three cases reaching very nearly the same Mach number at the exit and the profiles being of very similar shape outside of the bend regions. The similarity of the pressure and Mach number profiles found between the bent and straight channel geometries suggests that there are no significant pressure losses introduced by the inclusion of a bend, and consequently similar mass fluxes should be expected. However, the lattice Boltzmann results in Ref. [27] indicate that the presence of a bend may result in a modest increase in the mass-carrying capacity of a micro-channel.
To investigate this phenomenon using DSMC, we plot the mass fluxes in Figure 12 for the single bend and double bend micro-channel geometries.
Each of the data points has been normalised with the mass flux from the corresponding straight micro-channel. The measured error in all of the mass flux values is less than 0.5%, based on the standard error from the standard deviation of the instantaneous samples. The error bars associated with the data points are much smaller than the plotted points and have therefore been omitted. We define the percentage flow enhancement, ϵ, as
whereṁ bend is the mass flux from the bent channel simulation andṁ straight is the mass flux from its corresponding straight channel simulation.
In agreement with the lattice Boltzmann [27] and continuum [28] results, Figure 12 (a) shows a relative increase of up to 1% in the amount of mass that a channel with a single bend can carry when 0.02 ≤ Kn in ≤ 0.08.
For the micro-channels with two ninety-degree bends, Figure 12 Table 4 shows the DSMC results for the average shear stress at both channel walls for a single and double bend, normalised with the average shear stress at the walls of the equivalent straight channels. The shear stress was calculated from the pre-and post-interaction components of particle momentum tangential to the surface, as described in [20] . It is found that the inclusion of a bend in a micro-channel always reduces the average shear stress at the walls, and that adding a second bend results in a larger decrease.
In systems where a positive mass flux enhancement is found (single bend, Kn in = 0.027, 0.055 and 0.09; double bend, Kn in = 0.027 and 0.055) the shear stress ratio is closer to unity than those in which a decrease is found. are found for a micro-channel with two bends, with some different behaviour being evident between the two bends.
Conclusions and Future Work
The implementation of low-speed, pressure-driven, implicit boundary conditions for DSMC has been undertaken within the framework of the free and open-source DSMC solver dsmcFoam, and benchmarked for a variety of different test cases found in the literature. For a micro-channel with a bend, we have shown that the choice of mesh size in the corner region is important 22 to capture the size and shape of any recirculation zones. However, DSMC without any variance reduction is perhaps not the best tool for attempting to capture these kinds of flow features, as the flow velocities can be extremely low in these regions, requiring prohibitively large sample sizes.
A clear need for DSMC data in micro-channels with bends has been iden- The Knudsen numbers should be extended towards the free-molecular regime to investigate how the mass flux enhancement varies. The length of the micro-channels could be extended in order to obtain a larger aspect ratio, closer to that likely to be found in any practical micro-channel. Extending the length would also reduce the signal-to-noise ratio, so there is a practical limit to DSMC being a viable tool to provide this kind of information. However, variance reduction techniques [30] offer the promise of extending particle techniques to very low speed flows.
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